We characterize those complete Kähler manifolds supporting a nonconstant real-valued function with critical points whose Hessian is complex linear, has pointwise two eigenvalues and whose gradient is a Hessian-eigenvector.
Introduction and main results
The celebrated Obata theorem [12, Theorem A] states that the only complete Riemannian manifold (M n , g) on which a nonconstant real-valued C 2 -function u exists whose Hessian satisfies ∇ 2 u = −u · Id is the round sphere up to homothety on the metric. On Kähler manifolds, the Obata theorem was generalized in several ways. In [11, Theorem p . 614], R. Molzon and K. Pinney Mortensen proved that a connected complete Kähler manifold (M 2n , g, J) is biholomorphically isometric to CP n with Fubini-Study metric of holomorphic sectional curvature 1 if and only if there exists a nonconstant function u ∈ C 2 (M, R) such that
holds on the regular set of u, where π is the pointwise orthogonal projection onto the subbundle Span C (∇u, J∇u) ⊂ T C M . Note that in particular ∇ 2 u is J-invariant and has the pointwise eigenvalues −u and − u+1 2 . This result was generalized by A. Ranjan and G. Santhanam as follows [13, Theorem 3] : a connected complete Kähler manifold (M 2n , g, J) is biholomorphically isometric to CP n with Fubini-Study metric of holomorphic sectional curvature 1 if and only if there exists a nonconstant function u ∈ C 2 (M, R) such that ∇ 2 u has pointwise at most two eigenvalues, −u and − u+1 2 and that ∇u is a pointwise eigenvector of ∇ 2 u associated to the eigenvalue −u. Later on, G. Santhanam considered changing the sign of the eigenvalues of the Hessian of u and prove the following [14, Theorem 1]: On a given connected complete Kähler manifold (M 2n , g, J), assume the existence of a nonconstant function u ∈ C 2 (M, R) with critical points such that ∇ 2 u has pointwise two eigenvalues, u and u+1 2 and that both ∇u and J∇u are pointwise eigenvectors of ∇ 2 u associated to the eigenvalue u. Then either u has a minimum and in that case M is biholomorphically isometric to CH n with holomorphic sectional curvature −1; or u has a maximum and in that case there exists a (real)-2-codimensional submanifold M 0 of M such that M is diffeomorphic to T ⊥ M 0 and where moreover each fibre T ⊥ x M 0 is isometric to the hyperbolic plane with sectional curvature −1.
In [4] , we weaken the assumptions of the above results even further by leaving the eigenvalues of the Hessian of u arbitrary. In case the function u has no critical point, we prove the following: • its Hessian ∇ 2 u is J-invariant and has pointwise at most two eigenvalues λ and µ and • its gradient ∇u is a pointwise eigenvector of ∇ 2 u with the eigenvalue λ.
Then the following claims hold true: * i) Case µ vanishes at one point: then µ = 0 and the triple ( M 2n , g, J) is locally biholomorphically isometric to (R t ×R s ×Σ, dt 2 ⊕ρ(t) 2 ds 2 ⊕g Σ ) for some Kähler manifold (Σ, g Σ ), for ρ(t) = | ∇u|(t, s, x) for all (t, s, x) ∈ R 2 × Σ and where the Kähler structure of (R t × R s × Σ, dt 2 ⊕ ρ(t) 2 ds 2 ⊕ g Σ ) is the one that is naturally induced by that of (Σ, g Σ ).
ii) Case µ does not vanish identically:
(a) In case n > 2: up to changing u into au + b with a, b ∈ R and a = 0, the function u must be positive, the Kähler manifold ( M 2n , g, J) is biholomorphically isometric to the doubly-warped
(b) In case n = 2: up to changing u into au + b with a, b ∈ R and a = 0, the function u must be positive, the Kähler manifold ( M 2n , g, J) is biholomorphically isometric to the doubly-warped
is a minimal Riemannian flow that is basic conformally Sasaki and ρ(t) = u(t, x), for any (t, x) ∈ R × M .
Moreover, we have in both cases
and in the case where µ = 0 also µ = | ∇u| 2 2u .
Equivalent formulations of our assumptions as well as the relation to other classification work are mentioned in the introduction of [4] .
As noticed in [4] , all statements of Theorem 1.1 hold locally around every regular point of u on M if ( M 2n , g) is not complete or if u has critical points. The reason is that the identification between M and the doubly-warped product is realized by the flow of the normalized gradient vector field of u, which exists locally around any regular point of u.
We look at the case where u still satisfies the same kind of conditions involving its Hessian but is supposed to have critical points. Note in this case that actually the equation only makes sense on the set of regular points of u. We shall see that, by contrast with [4] , the underlying Kähler manifold ( M 2n , g, J) will not always be of warped product form any longer since Calabi metrics on the normal bundle of the critical set of u will turn out to provide further examples:
be a complete connected Kähler manifold. Assume the existence of a nonconstant function u ∈ C ∞ ( M , R) with at least one critical point and with nonnegative J-invariant Hessian on M such that, at any regular point,
• its Hessian ∇ 2 u has pointwise at most two eigenvalues λ and µ and
• its gradient ∇u is a pointwise eigenvector of ∇ 2 u with the eigenvalue λ.
Then the critical set N of u is a connected totally geodesic Kähler submanifold of M . Moreover, the following claims hold true: i) Case µ vanishes at one regular point of u: then µ = 0 on M , the submanifold N has real codimension 2 and flat normal bundle T ⊥ N → N and the manifold ( M 2n , g, J) is biholomorphically isometric to a Calabi construction on the complex line bundle T ⊥ N → N .
ii) Case µ does not vanish identically on M :
(a) If µ vanishes at a critical point of u: then µ |N = 0, the Kähler manifold N is Hodge and of real codimension 2 and the manifold ( M 2n , g, J) is biholomorphically isometric to a Calabi construction on the non-flat complex line bundle T ⊥ N → N .
(b) If µ does not vanish at any critical point of u: then N = {p} for some p ∈ M and, up to changing u into au + b with a, b ∈ R and a > 0, the manifold M is diffeomorphic to C n and M \ {p} with induced Kähler structure is isometric to (0, ∞) × S 2n−1 with metric
where ρ(t) = u(t, x) for all (t, x) ∈ (0, ∞) × S 2n−1 and (S 2n−1 ,ĝ,ξ) is Sasaki with round metric of constant sectional curvature 1. Moreover, ρ must be an odd function, i.e. all even derivatives of ρ must vanish at 0. Conversely, given any smooth positive odd function ρ, the manifold (0, ∞) × S 2n−1 with metric dt 2 ⊕ ρ(t) 2 (ρ ′ (t) 2ĝξ ⊕ĝξ ⊥ ) can be extended to a complete Kähler manifold by adding a point and the function u := ρ 2 satisfies the assumptions above.
We point out that, in case ( M 2n , g, J) is a Calabi metric on a Hermitian holomorphic line bundle, u as well as λ and µ can be explicitly expressed as functions of the fibrewise length, see Proposition 3.1 below.
The article is organized as follows. In Section 2, we recall basics on doubly-warped products and the Calabi construction. The particular case where M is a Calabi construction as well as the proof of Theorem 1.2 will be carried out in Section 3.
Preliminaries

Kähler doubly-warped products
Let us first recall some general facts on product structures induced by smooth functions. The local version of the following proposition can be found in [10] , see in particular [10, Sec. D] or [4, App.] .
Let (M n , g) be a connected complete Riemannian manifold. Assume that some u ∈ C ∞ (M, R) has no critical point on M n and satisfies ∇ 2 u(∇u) = λ∇u for some λ ∈ C ∞ (M, R), where ∇ denotes the Levi-Civita connection of (M n , g). Then the manifold
where Σ is a level hypersurface of u and (g t ) t∈R is a one-parameter-family of Riemannian metrics on Σ. Moreover, the function u only depends on t via that identification.
The Riemannian manifolds (M n , g) and (R × Σ, dt 2 ⊕ g t ) in Proposition 2.1 are identified via the flow of the normalized gradient vector field ν := ∇u |∇u| , which in particular preserves the level hypersurfaces of u. If the stronger condition ∇ 2 u = λId holds, the metric g t is of the form g t = ρ(t) 2 g Σ for some fixed Riemannian metric g Σ on Σ and some smooth positive function ρ, see e.g. [10] .
In case u is allowed to have critical points, the same metric splitting holds locally away from the critical points of u. Besides, those cannot be saddle points [14, Prop. 3] .
We also recall that a Riemannian doubly-warped product over a triple (M,ĝ,ξ) consisting of a Riemannian manifold (M,ĝ) and a globally defined unit vector fieldξ is a Riemannian manifold of the form 
The Calabi construction on a holomorphic Hermitian line bundle
We briefly recall the so-called Calabi construction of Kähler metrics on Hermitian holomorphic line bundles, which will turn out to provide one of the two main families of examples for our Obata-like equation. We follow the very clear elementary introduction [3] , see also [1, 2, 8] .
Let L π −→ N be a holomorphic Hermitian line bundle with complex structure J over a Kähler manifold (N, g, J) with Kähler form ω. Denote by ∇ the Chern connection on L, that is, the unique metric connection on L with ∇ 0,1 = ∂, and by ρ ∇ ∈ Ω 2 (N, R) its curvature form, which is defined for all vector fields X, Y on N by
where | · | denotes the Hermitian metric on L; the function r is the fibrewise length function, in particular it is smooth on L × := {v ∈ L | v = 0} and its vanishing set coincides with the zero section of L. The Calabi ansatz for constructing Kähler metrics on the total space of L consists in requiring the real two-form
to be the Kähler form of some Kähler metric g on L for suitable positive smooth functions h 1 , h 2 on L and where d c r := −dr • J. Note that J preserves ω by definition and holomorphicity of L, that is, ω(JX, JY ) = ω(X, Y ) for all X, Y ∈ T L. Assuming h 1 and h 2 to be U 1 -invariant, that is, to depend fibrewise only on r, the metric g is Kähler on L if and only if dω = 0, condition which is equivalent to h 1 , h 2 to have vanishing horizontal differential, that is, to depend globally only on τ := r 2 , and to the identities
for some l ∈ R. As a consequence, apart from the situation where l = 0 and hence L is flat and h 1 is constant, the metric g is a Kähler metric on L only if (N, g) is Hodge, that is, its Kähler class is a scalar multiple of an integral class α such that 1 m α / ∈ H 2 (N, Z) for every integer m ≥ 2; in that case, L → N is the Hermitian line bundle associated to some integral multiple of that class α and h 1 and h 2 are easily obtained solving a linear first-order ODE -mind that they must be positive though, so that global existence of g on L is guaranteed only on a neighbourhood of the zero section. Note that if l > 0, then h ′ 1 < 0 and, unless ∞ 0 h 2 (τ )dτ < ∞, the metric g cannot be complete.
From now on h 1 and h 2 will be considered as functions of r, in particular the differential equation they satisfy becomes h ′ 1 (r) + lrh 2 (r) = 0 for all r ≥ 0.
3 Proof of the main result
Obata-type equation for Calabi metrics
We start with looking for particular functions satisfying our conditions on holomorphic Hermitian line bundles endowed with a metric of Calabi-type.
→ N be any holomorphic Hermitian line bundle over any Kähler manifold N . Let ω := h 1 (r) · π * ω + h 2 (r) · dr ∧ d c r be the Kähler structure on L defined by the Calabi construction associated to h 1 and h 2 , where ρ ∇ = lω and h ′ 1 (r) + lrh 2 (r) = 0 for some l ∈ R and where N is assumed to be Hodge when l = 0. Let u: L → R be any smooth function depending fibrewise only on r and whose gradient vector field w.r.t. the Kähler metric g is vertical. Assume the Hessian of u to have pointwise at most two eigenvalues λ and µ and to have Span(∂ r , J∂ r ) as pointwise eigenspace associated to the eigenvalue λ. Then the function u is either constant or, up to replacing u by bu
Proof: Recall first the Koszul formula for the Levi-Civita connection ∇ M on any Riemannian manifold (M, g): for any X, Y, Z ∈ Γ(T M ),
By definition, the Kähler metric g associated to ω and J on L is given by
where we have denoted by g N the metric on N . As a consequence, the horizontal distribution of the map π w.r.t. g, which is defined by HL := (VL) ⊥ where VL p = T p π −1 ({π(p)}) is the vertical distribution at any p ∈ L, is given by HL = ker(dr) ∩ ker(d c r).
Note however that π: (L, g) → (N, g N ) is in general not a Riemannian submersion because of the h 1 -factor in the metric g. It can be shown that actually HL coincides with the horizontal distribution associated to the Chern connection ∇, that is, for any p ∈ L HL p = d π(p) s(T π(p) N ) holds, where s ∈ Γ(L) is any section satisfying s(π(p)) = p and (∇s) π(p) = 0. As a consequence, for any horizontal lift X * of some vector field X on N , we have X * (r) = JX * (r) = 0.
It can also be shown that, for any horizontal vector field Z on L, that is, Z ∈ Γ(T L) with Z p ∈ HL p for all p ∈ L, the Lie bracket [Z, ∂ r ] is again horizontal. This follows from the flow of ∂ r preserving HL: namely if (ϕ ∂r t ) t denotes the local flow of ∂ r , at least in L × , then ϕ ∂r t (p) = p + t∂ r = p + t p |p| = (1 + t r(p) )p for all p ∈ L × and t in a neighbourhood of 0 ∈ R; since dr vanishes on horizontal vector fields, we have d p ϕ ∂r t (X) = (1 + t r(p) )X for every X ∈ HL p , in particular d p ϕ ∂r t (X) ∈ HL p . An analogous argument shows that [J∂ r , Z] is horizontal. Note that, as a particular case, if Z = Z * is the horizontal lift of some vector field Z on N , then [Z * , ∂ r ] must also be vertical because of dπ([Z * , ∂ r ]) = [Z, dπ(∂ r )] = 0 and thus [Z * , ∂ r ] = 0. We compute the different components of the Levi-Civita connection ∇ of (L, g) thanks to the Koszul formula (1) . Recall that, since we consider h 1 = h 1 (r), h 2 = h 2 (r) as functions of r, we have h ′ 1 + rlh 2 = 0 because of the change of variable from τ to r. First,
Second,
Since both J∂ r and ∂ r are tangent to the fibres of L, we may for any p ∈ L consider the flat Levi-Civita connection denoted by ∇ π(p) of the fibre (L π(p) , · , · π(p) ) through p with its original Hermitian metric.
By the fact that ∂ r is geodesic w.r.t. · , · π(p) and that ∇ π(p) · ∂ r is minus the Weingarten endomorphism of distance circles around 0 (and whose unit normal is ∂ r ), we have
Therefore, g(∇ ∂r ∂ r , J∂ r ) = h2 r dr(J∂ r ) = 0. Third, for the horizontal lift Z * of any Z ∈ Γ(T N ),
We can already deduce that
For the horizontal lift Z ′ * of any Z ′ ∈ Γ(T N ), we have
Note that this remains true for any horizontal vector field since ∇ · ∂ r is a tensor, it only depends on the pointwise value of vector fields. As elementary consequences, we have
for any horizontal vector field Z on L; observe that both brackets [∂ r , Z] and [J∂ r , Z] are horizontal. It remains to compute, for the horizontal lifts Z * , Z ′′ * of any vector fields Z, Z ′′ ∈ Γ(T N ) and any horizontal vector field Z ′ on L,
Here we make the following notation abuse: by ∇ N Z dπ(Z ′ ) we mean the covariant derivative in N of the vector field dπ(Z ′ ) along Z that is obtained by projecting down Z ′ along an integral curve of Z * ; this makes sense since, although dπ(Z ′ ) is a priori not globally defined on N , the vector field ∇ Z * Z ′ * only depends on the value of Z ′ along integral curves of Z * . On the whole,
In particular the computations show that J∂ r is a Killing vector field on (L, g). We are now ready to prove Proposition 3.1. Let u be as in the assumptions. Then du = ∂ r u · dr = u ′ (r) · dr and therefore ∇ X du = X(u ′ (r))dr + u ′ (r)∇ X dr for any X ∈ T L. Using the splitting X = 1 h2 g(X, ∂ r )∂ r + 1 h2 g(X, J∂ r )J∂ r + X H , where X H is the pointwise orthogonal projection of X onto the horizontal subbundle HL, we obtain
As a consequence, for the horizontal lift X * of any X ∈ Γ(T N ),
All three vectors ∂ r , J∂ r , X * are already pointwise eigenvectors of u and the only condition to be satisfied is the identity
This is a first-order linear ODE in u ′ whose solution is u ′ (r) = C · h 2 (r) · r for some real constant C, i.e. u(r) = u(0) + C · r 0 s · h 2 (s)ds. Mind that we make here a light notation abuse since we consider the function r a priori away from 0. If C = 0, then u is constant which is the trivial case. Otherwise, up to replacing u by u−u(0) C (which does not modify the assumption on the Hessian on u nor on its eigenspaces), we may assume that u(0) = 0 and that C = 1, so that
Together with (2) we obtain the expressions for λ and µ. Note that, coming back to the original notations for h 1 , h 2 , which are defined as functions of r 2 , we obtain via the change of variable τ := s 2 the formula u(r) = 1 2
Furthermore, in case l = 0, we obtain the alternative expression u(r) = − 1 l h 1 (r 2 ) + cst for u.
It must be noticed that the assumptions on u are strong but that they will turn out to be fulfilled in one of the two main cases of our Obata-like equation. We also point out that the conclusions of Lemma 3.1 might hold without the assumption d H u = 0 in the sense that that condition might be implied by the other assumptions.
Proof of Theorem 1.2
We come to the proof of Theorem 1.2. Note first that the assumption of J-invariance of ∇ 2 u, which is equivalent to the holomorphicity of ∇u (or of J ( ∇u)), ensures the critical set N := {x ∈ M / ( ∇u) x = 0} to have empty interior since M is connected and u is assumed to be nonconstant: any analytic vector field vanishing on a nonempty open subset must vanish identically on any connected component meeting that open set. Since ∇ 2 u is furthermore symmetric, the holomorphic vector field J( ∇u) is also Killing and therefore N is a totally geodesic Kähler submanifold of dimension 2k < 2n of M , see e.g. [9, Sec. II.5]. Because u is furthermore assumed to be convex, the submanifold N must be the set of absolute minima of u and must be connected: considering namely any geodesic joining any two critical points of u, the function u along that geodesic is convex with two critical points, therefore the corresponding critical value is a minimum and the function is constant between the two critical points by convexity. Moreover, because ∇u is analytic, so is ∇ 2 u, so that -at least locally around every point -there is an analytic family of eigenvalues and eigenspaces associated to ∇ 2 u, in particular λ and µ as well as their eigenspaces extend through N . Since T N = ker ∇( J ∇u) = ker ∇ 2 u (see e.g. [9, Sec. II.5]), both λ and µ cannot simultaneously vanish at any point of N , otherwise u would be constant. In the same way, the vanishing set of u necessarily has empty interior. We fix a regular value u 0 of u and set M := u −1 ({u 0 }). We denote by ν := ∇u | ∇u| the normalized gradient vector field of u on its regular set and by ξ := − Jν. We letξ := αξ andĝ := α −2 gξ ⊕ β(x) −2 gξ ⊥ for some positive α ∈ R and basic function β on M which is constant when n > 2; both α and β will be fixed later on. The flow F of ν is defined at least on (−ε, ε) × M for some ε > 0 since | ∇u| is constant along any regular level hypersurface of u; in other words, we get a neighbourhood U of M in M \ N that is uniformly thick around M . We write U as a doubly-warped product as in Theorem 1.1. First, if µ vanishes at one (regular) point of u in U , then µ vanishes identically on U by Theorem 1.1 and hence on M by analyticity. If µ = 0 on M , then in particular µ |N = 0 . But if µ |N = 0, then because the eigenvalue λ cannot vanish at any point of N , necessarily dim(N ) = 2n − 2 and T ⊥ N = ker( ∇ 2 u − λ · Id) hold. In case µ does not vanish identically on M , then again by the arguments brought up in the proof of Theorem 1.1, we have, up to suitably choosing α, β and replacing u by au + b for a, b ∈ R with a = 0, that u > 0 and µ = | ∇u| 2 2u on U . Note that a must be positive by the convexity assumption on u. Also, as in the proof of Theorem 1.1, it can be shown that the (closed nonempty) set of points of M \ N where
is satisfied is open in M \ N . Because the critical submanifold N has codimension at least 2, the open set M \ N is connected and dense in M , therefore (3) is fulfilled on M \ N and thus on M .
If u vanishes nowhere, in which case µ = | ∇u| 2 2u holds on M , then in particular µ |N = 0 and, by the above, N is a (2n−2)-dimensional totally geodesic Kähler submanifold of M with normal bundle ker( ∇ 2 u−λ·Id). If now u(x) = 0 for some x ∈ M , then ( ∇u) x = 0 must hold, in particular x ∈ N . We next show that λ(x) = µ(x), in particular ( ∇ 2 u) x = λ(x) · Id = 0. Namely let v ∈ T x M be any nonzero vector and
In other words, y v satisfies the linear first-order ODE To sum up, we have shown that, in the case where µ = 0 on M , for any critical point x of u, either u(x) = 0 and then µ(x) = 0, λ(x) = 0, dim(N ) = 2n − 2 and T ⊥ N = ker( ∇ 2 u − λ · Id); or u(x) = 0 and then µ(x) = λ(x) = 0 and hence N = {x}. Note that we implicitly use the fact that N is connected, which is true if u is convex, otherwise the preceding argument would apply to each connected component of u. Note also that in any case λ cannot vanish at any critical point of u.
Next we show that u only depends on the geodesic distance to N , which in particular relies on the fact that N is connected. Let γ: R → M be any geodesic with γ(0) ∈ N andγ(0) ∈ T ⊥ γ(0) N . Note that, in all cases,γ(0) ∈ ker( ∇ 2 u − λ · Id) holds. We start with the case where dim R (N ) = 2n − 2. Note that ker( ∇ 2 u − λ · Id) is a totally geodesic integrable distribution in M : this is a straightforward consequence of the equation ∇ 2 u = λ · Id Span( ∇u,J ∇u) + µ · Id Span( ∇u,J ∇u) ⊥ since, outside N , both ∇u and J ∇u are λ-eigenvectors of ∇ 2 u. In particular, ifγ(0) ∈ ker( ∇ 2 u − λ · Id), then γ must remain tangent to ker( ∇ 2 u − λ·Id), that is, there exist coefficients a(t), b(t) withγ(t) = a(t)ν γ(t) + b(t)ξ γ(t) for all t = 0. Now the function γ, ξ is equal to − 1 |( ∇u)•γ| γ, J ∇u outside 0 and γ, J ∇u is constant on R: its derivative is given by ∇γ dt , J ∇u + γ, ∇γJ ∇u = 0 because of J( ∇u) being Killing. Since γ(0), J ∇u = 0 (by ( ∇u) γ(0) = 0), we deduce that γ, J ∇u = 0 and hence γ, ξ = 0 on R \ {0}. This shows b(t) = 0 and henceγ(t) = a(t)ν γ(t) for all t = 0. Therefore, we have proved that any geodesic leaving N normally must become immediately tangent to ν. In the case where N = {x}, we show the same fact but write a different proof that is strongly inspired by the proof of [10, Lemma 17]. We fix a convex open neighbourhood U of x, in particular there is a unique geodesic joining any point y ∈ U with x. Since ∇ 2 u is positive definite at x and hence in a neighbourhood of x, any level hypersurface associated to a value of u closed to its minimum value must be compactit is diffeomorphic to the sphere S 2n−1 by the Morse lemma -and therefore all level hypersurfaces are compact since they are all diffeomorphic. Let γ: R → M be any geodesic with γ(0) = x. Let t 0 > 0 be so small that γ(t 0 ) ∈ U and even such that the smooth level hypersurface M u(γ(t0)) := u −1 ({u(γ(t 0 ))}) lies entirely inside U . Recall that, by assumption, both distributions ker( ∇ 2 u − λId) and ker( ∇ 2 u − µId) are analytic and defined on the whole M , even at the critical point x of u. Moreover, the 2-dimensional distribution ker( ∇ 2 u − λId) is integrable to a totally geodesic two-dimensional foliation. In particular, there is a unique such leaf S through x. Let now γ 1 : R → M be a geodesic with γ 1 (0) = x andγ 1 (0) ∈ T x S, in particular γ 1 (t) ∈ S for very t ∈ R. Note that, sinceγ 1 (t) is at every t = 0 a linear combination of ξ and ν, the same argument as above shows that actuallyγ 1 (t) must be tangent to ν for every t = 0. We can assume w.l.o.g. thatγ 1 (t) = ν for all t = 0. Let s 0 ∈ R be such that γ 1 (s 0 ) ∈ M u(γ(t0)) (there is a unique such s 0 since the convex function u must be monotonously increasing and unbounded along the geodesic γ 1 from x). Let γ 2 : R → M be the ν-geodesic with γ 2 (s 0 ) = γ(t 0 ). Then as in the proof of [10, Lemma 17] and using the fact that γ 1 (t), γ 2 (t) lie on the same level hypersurface of u for all t > 0, we write, for every t > 0,
0. This shows that γ 1 (0) = γ 2 (0), in particular γ 2 is another geodesic joining x and γ(t 0 ) and thus γ 2 = γ 1 = γ because of both γ, γ 2 lying in U (use the fact that u is proper, at least in U ). This proves that γ gets immediatly tangent to ν when leaving x.
The fact that every geodesic leaving N normally (any geodesic when N = {x}) gets immediatly tangent to ν first implies that any integral curve of ν meets N normally. For given any x ∈ M \ N , let γ be the νgeodesic starting at x. Let γ min be a minimizing geodesic from x to the closest point to x on N (that point exists since N is closed, the distance function is continuous and M is locally compact), then γ min meets N orthogonally and therefore is tangent to ν, so that it must coincide with γ up to reparametrization and in particular γ must meet N normally and at a closest point to x. Let now x, y ∈ M be any two points with d(x, N ) = d(y, N ). Let γ x , γ y be the ν-geodesic starting from x and y respectively. As we have just shown, γ x (resp. γ y ) meets N normally at a closest point x ′ (resp. y ′ ), that is, x ′ , y ′ ∈ N with d(x, x ′ ) = d(x, N ) (resp. d(y, y ′ ) = d(y, N )). But since γ x and γ y have unit speed, they are parametrized by arc-length, so that d(x, x ′ ) (resp. d(y, y ′ )) coincides with the time γ x (resp. γ y ) takes from x ′ to x (resp. from y ′ to y). Because d(x, x ′ ) = d(y, y ′ ), both times are equal. But since N is connected, then u |N is constant; more precisely, we claim that u • γ z only depends on time and not on the starting point z ∈ N . Namely recall that this property holds true if we start from a regular hypersurface of u, as can be deduced from Proposition 2.1. Let z, z ′ ∈ N be any two points and consider normal geodesic γ z , γ z ′ starting at z, z ′ respectively. Fix some t 0 ∈ R and consider the regular real hypersurface M 0 := u −1 ({u • γ z (t 0 )}) ⊂ M . The geodesic γ z ′ must meet M 0 because u is monotonously increasing and unbounded along any normal geodesic (recall that u is assumed to be convex and nonconstant). Let t ′ 0 ∈ R be such that γ z ′ (t ′ 0 ) ∈ M 0 . We claim that t 0 = t ′ 0 : for following γ z ′ and γ z backward from
for all s by Proposition 2.1, in particular u reaches its value u |N = min(u) after the time −t 0 , therefore u(γ z ′ (t ′ 0 − t 0 )) = min(u) and hence t ′ 0 − t 0 = 0. On the whole, we obtain that, if d(x, N ) = d(y, N ), then u(x) = u(y). Therefore, u only depends on the distance to N , in other words the level hypersurfaces of u coincide with the distance tubes around N .
Next we show that, because of u being convex by assumption, the normal exponential map exp ⊥ : T ⊥ N → M is a global diffeomorphism. The existence of such a diffeomorphism actually follows from [7, Theorem B] using only convexity of u, see also [6] for the topological implications of convexity. As we have already seen above, each geodesic γ of M withγ(0) ∈ T ⊥ N must be a ray, that is, it must minimize distance to γ(0) for all times. Moreover, γ cannot meet N twice since u is strictly monotonous along γ. This fact ensures that exp ⊥ : T ⊥ N → M is a diffeomorphism onto its range, which is hence an open set of M . The sujectivity of exp ⊥ is straightforward consequence of all ν-geodesics meeting N normally. On the whole, the map exp ⊥ : T ⊥ N → M is a global diffeomorphism.
Next we describe the metric structure of M , that is, we pullg back onto T ⊥ N via exp ⊥ . First, because every normal geodesic leaving N becomes immediately tangent to ν, the Gauß lemma implies that the normal exponential exp ⊥ sends the usual normalized position vector field in each fibre onto ν, see e.g. [5, Cor. 2.14] . This has the following fundamental consequence that the normal exponential map identifies with the flow of ν: denoting namely by proj: M → N the map sending some x onto the unique intersection point of a ν-geodesic through x with N in case x ∈ M \ N and proj(x) = x if x ∈ N , we have proj • exp ⊥ = π, where π: T ⊥ N → N is the standard footpoint map of the normal bundle T ⊥ N of N . Assume now that dim R (N ) = 2n − 2, case that happens as soon as µ vanishes somewhere. Consider (exp ⊥ ) * J instead of the original almost-Hermitian structure on the total space of T ⊥ N → N . Note that (exp ⊥ ) * J coincides with the restriction of the original complex structure on the horizontal distribution ker( ∇ 2 u − µId) since the flow of ν preserves J along that distribution as we have seen in the proof of Theorem 1.1. However, (exp ⊥ ) * J does not coincide with J along ker( ∇ 2 u − λId) since L ν J does not vanish along that distribution. As for Span( ∇u, J ∇u) ⊥ = ker( ∇ 2 u − µ · Id), we have already shown that, at least on the open subset of regular points of u, this distribution is preserved by the flow of ν; moreover, the induced metric from g is preserved up to multiplication by a factor depending on t only, i.e. on the value of u. Therefore, taking the limit when getting close to N , we obtain that the map proj identifies g | ker( ∇ 2 u−λId) with h 1 · π * g N for some positive function h 1 depending only on the distance function to N and where g N is the restriction of g onto N . On the whole, the manifold (T ⊥ N, (exp ⊥ ) * g, (exp ⊥ ) * J) is Kähler with metric given by
where g V := (exp ⊥ ) * g | T ⊥ N is the vertical part of the metric. Note that in every fibre g V is rotationnally invariant. Since T ⊥ N has rank 2, the metric g V is conformal on every fibre to the flat Euclidean metric. Because both g V and that flat metric are rotationnally invariant, so is the conformal factor, therefore it is a function of the fibre length. The complex structure (exp ⊥ ) * J is orthogonal w.r.t. (exp ⊥ ) * g and therefore also w.r.t. to the conformal flat metric. But on flat R 2 there is only one complex structure up to sign, therefore (exp ⊥ ) * J coincides with the standard complex structure J on flat R 2 up to sign. Now that sign must be equal to 1 for every fibre since along the zero section the map exp ⊥ identifies both the complex structure of the metric and J. Defining r to be the norm w.r.t. the flat metric in each fibre, the normal exponential map defines a biholomorphic isometry from (T ⊥ N,
and d c r := −dr • J. But this is exactly the form we want for the Calabi construction. It follows from Proposition 3.1, whose assumptions are thus all fulfilled, that there exists a constant l such that h ′ 1 (r) = −lrh 2 (r), and that u(r) = r 0 s · h 2 (s)ds up to replacing u by bu + b ′ with b, b ′ ∈ R. Note that necessarily b > 0 because of the convexity of u. It also directly shows that, in case l = 0, which corresponds to the case where µ = 0 by Proposition 3.1, the normal bundle T ⊥ N → N is flat and that in case l = 0 the Kähler manifold N must be Hodge. If l = 0, the manifold M must actually be locally biholomorphically isometric to the product (R 2 × N, h 2 (r) · (dr ⊗ dr + d c r ⊗ d c r) ⊕ g N ); that identification is global if e.g. M is assumed to be simply-connected. Now we look at the metric in the case where N = {x} and hence λ(x) = µ(x) = 0. By convexity of u, we necessarily have λ(x) = µ(x) > 0. Note also that, because N is reduced to a point, the distance tubes around N are diffeomorphic to spheres, that is, M = S 2n−1 with possibly nonround metric. Thus, outside x, the flow of ν identifies M \ {x} with some doubly warped product manifold (0, ∞) × S 2n−1 with metric dt 2 + ρ(t) 2 (ρ ′ (t) 2ĝξ +ĝ ⊥ ξ ), where (S 2n−1 ,ĝ,ξ) is Sasaki. Up to translating u, we have seen that we may assume that µ = | ∇u| 2 2u ; up to multiplying u by a constant, we may also assume that λ(x) = µ(x) = 2. We compute, using Gauß formula, the sectional curvatures of (M, g t = ρ(t) 2 (ρ ′ (t) 2ĝξ +ĝ ⊥ ξ )). The second fundamental form of (M, g t ) in M is given for all X, Y ∈ Γ(T M ) by
hence II(ξ, ξ) = − λ | ∇u| ν, II(ξ, Z) = 0 and II(Z, Z ′ ) = − µ | ∇u| g(Z, Z ′ )ν for all Z, Z ′ ∈ Γ(Q). The formula relating the sectional curvatures is given for all linearly independent vectors X, Y ∈ T M by K M (X, Y ) = K M (X, Y ) + g(II(X, X), II(Y, Y )) − |II(X, Y )| 2 |X 2 | · |Y 2 | − g(X, Y ) 2 .
Therefore, K M (Z, Z ′ ) = K M (Z, Z ′ ) + µ 2 | ∇u| 2 . Now we relate the sectional curvatures of (M, g t ) and of (M,ĝ =ĝξ +ĝ ⊥ ξ ). We have
where here {Z, Z ′ } is chosen to beĝ-orthonormal. Note that, since (M,ĝ,ξ) is Sasaki, the sectional curvature of (M,ĝ,ξ) in the direction ofξ and Z is 1. We can deduce that
As in the proof of [10, Lemma 18], we argue as follows: letting t → 0 -i.e, getting close to N along any ν-geodesic -the l.h.s. of the above identity for sectional curvature has a well-defined finite limit since g is smooth and each plane considered has a limit plane along N . This forces the r.h.s. also to have a finite limit. But ρ(t) −→ t→0 0, so that necessarily KM (Z, Z ′ ) − 3(ρ ′ (t) 2 − 1)ĝ(JZ, Z ′ ) 2 − ρ ′ (t) 2 −→ t→0 0, i.e. KM (Z, Z ′ ) −→ t→0 3(ρ ′ (0) 2 − 1)ĝ(JZ, Z ′ ) 2 + ρ ′ (0) 2 . Sinceĝ does not depend on t, this means that KM (Z, Z ′ ) = 3(ρ ′ (0) 2 −1)ĝ(JZ, Z ′ ) 2 +ρ ′ (0) 2 . With 2 = λ(x) = (ρ 2 ) ′′ (0) = 2ρ ′ (0) 2 +2ρ(0)ρ ′′ (0) = 2ρ ′ (0) 2 , we have ρ ′ (0) 2 = 1 and hence KM (Z, Z ′ ) = 1. Since on the other hand K M (ξ, Z) = 1 holds because of (S 2n−1 ,ĝ,ξ) being Sasaki, we can conclude that (S 2n−1 ,ĝ) has constant sectional curvature 1. The oddness of ρ is imposed by the smoothness of the metric, see for instance proof of [10, Lemma 18 ]. This ends the proof of Theorem 1.2.
Note 3.2 Note that, if we do not rescale u, then we end up with a Berger metric on S 2n−1 , in particular we obtain again the round metric by further suitable rescaling along each factor.
The question remains open how Theorem 1.2 can be generalized by deleting the convexity assumption on u, i.e. only assuming ∇ 2 u to be everywhere J-invariant and to have pointwise two eigenvalues, one of which with ∇u as an eigenvector. The idea would be to recover the results of [11, 13, 14] in a unified framework. In that case, the normal exponential along the critical set of u, which has no more reason to be connected, cannot be used any longer as an identification. This is the object of future work.
